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ABSTRACT
Context. The space-borne missions CoRoT and Kepler have provided a wealth of highly accurate data. However, our inability to
properly model the upper-most region of solar-like stars prevents us from making the best of these observations. This problem is
called “surface effect” and a key ingredient to solve it is turbulent pressure for the computation of both the equilibrium models and
the oscillations. While 3D hydrodynamic simulations help to include properly the turbulent pressure in the equilibrium models, the
way this surface effect is included in the computation of stellar oscillations is still subject to uncertainties.
Aims. We aim at determining how to properly include the effect of turbulent pressure and its Lagrangian perturbation in the adiabatic
computation of the oscillations. We also discuss the validity of the gas-gamma model and reduced gamma model approximations,
which have been used to compute adiabatic oscillations of equilibrium models including turbulent pressure.
Methods. We use a patched model of the Sun with an inner part constructed by a 1D stellar evolution code (CESTAM) and an outer
part by the 3D hydrodynamical code (CO5BOLD). Then, the adiabatic oscillations are computed using the ADIPLS code for the
gas-gamma and reduced gamma model approximations and with the MAD code imposing the adiabatic condition on an existing
time-dependent convection formalism. Finally, all those results are compared to the observed solar frequencies.
Results. We show that the computation of the oscillations using the time-dependent convection formalism in the adiabatic limit
improves significantly the agreement with the observed frequencies compared to the gas-gamma and reduced gamma model approxi-
mations. Of the components of the perturbation of the turbulent pressure, the perturbation of the density and advection term is found
to contribute most to the frequency shift.
Conclusions. The turbulent pressure is certainly the dominant factor responsible for the surface effects. Its inclusion into the equilib-
rium models is thus necessary but not sufficient. Indeed, the perturbation of the turbulent pressure must be properly taken into account
for computing adiabatic oscillation frequencies. We propose a formalism to evaluate the frequency shift due to the inclusion of the
term with the turbulent pressure perturbation in the variational principle in order to extrapolate our result to other stars at various
evolutionary stages. Although this work is limited to adiabatic oscillations and the inclusion of the turbulent pressure, future works
will have to account for the nonadiabatic effect and convective backwarming.
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1. Introduction
As shown by the space missions CoRoT (Baglin et al.
2006b,a; Michel et al. 2008) and Kepler (Borucki et al. 2010;
Bedding et al. 2010; Chaplin et al. 2011), solar-like oscillations
are ubiquitous to low-mass stars from the main-sequence to the
red giant branch. They have been widely used to infer the inter-
nal structure of those stars and have permitted us to dramatically
improve our knowledge as well as to put stringent constraints on
stellar structure and evolution (e.g. Chaplin & Miglio 2013).
However, there are still some fundamental difficulties to
overcome so as to exploit the full potential of the asteroseis-
mic observations. Surface effects are likely to be the most im-
portant. This generic term names the systematic differences be-
tween the observed and model frequencies due to our deficient
physical description of the upper-most layers of solar-like stars
(e.g. Christensen-Dalsgaard 2016). One of the key ingredients of
Send offprint requests to: takafumi.sonoi@obspm.fr
those surface effects is the turbulent pressure. In standard mod-
els of stellar equilibrium structure and oscillations, it is gener-
ally neglected because its modelling is difficult. Nevertheless,
it is a key factor to obtain accurate frequencies of stellar mod-
els and particularly for p modes that are very sensitive to the
surface layers. The crucial role of turbulent pressure in com-
puting stellar oscillations has been emphasized in many stud-
ies (Brown 1984; Zhugzhda & Stix 1994; Schlattl et al. 1997;
Petrovay et al. 2007; Houdek 2010). More recently, analyses
of surface effects have been carried out using 3D hydrody-
namical models (Stein & Nordlund 1991; Rosenthal et al. 1995,
1999; Yang & Li 2007; Piau et al. 2014; Bhattacharya et al.
2015; Sonoi et al. 2015; Magic & Weiss 2016; Ball et al. 2016;
Houdek et al. 2017; Trampedach et al. 2017), because these
models provide a realistic description of the equilibrium struc-
ture including the turbulent pressure.
However, when turbulent pressure is included in the equilib-
rium model, the computation of the related stellar oscillations
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Table 1. Characteristics of the patched model (PM)
Teff [K] log g [g cm−2] Tb [K] pb [g cm−1 s−2] M [M⊙] Age [Gyr] α
5775 4.44 1.53 × 104 3.66 × 106 1.01 4.61 1.65
becomes tricky and we have to care about the possible incon-
sistency between the oscillation formalism and the equilibrium
models. To consider this problem, Rosenthal et al. (1995, 1999)
proposed two approximations, the gas-gamma model (GGM),
for which the Lagrangian perturbation of the turbulent pressure
equals to the perturbation of the gas pressure, and the reduced
gamma model (RGM), for which the Lagrangian perturbation of
the turbulent pressure vanishes. They have shown that the GGM
frequencies better reproduce the observed frequencies compared
to ones obtained with the RGM assumption. Their result implies
that it is important to take the perturbation of the turbulent pres-
sure into account in order to obtain accurate frequencies. How-
ever, the GGM assumption does not rely on a convincing princi-
ple and deserves more investigation.
In this work, we consider the computation of adiabatic os-
cillations for an equilibrium model including turbulent pressure.
To do so, we use a time-dependent convection (TDC) formal-
ism that enables us to account for the perturbation of turbulent
pressure. We also discuss the validity of the GGM approxima-
tion. We use the TDC formalism developed by Grigahcène et al.
(2005), which originates from the work of Unno (1967) and was
generalized for nonradial oscillations by Gabriel et al. (1975).
This formalism has been so far adopted for the computation of
the full nonadiabatic oscillations in order to explain the exci-
tation of the classical pulsators (e.g. Dupret et al. 2005, 2008),
or to fit to the damping rates of the solar-like oscillations (e.g.
Dupret et al. 2006a; Belkacem et al. 2012; Grosjean et al. 2014).
Dupret et al. (2006b) developed it for treating the nonlocal con-
vection. For our purpose, we will impose the adiabatic condi-
tion on this formalism to see the validity of the GGM approx-
imation. Moreover, such an approach allows us to consider the
effect of the turbulent pressure separately from the nonadiabatic
effect, which is also expected to affect eigenfrequencies (Houdek
2010).
The paper is organized as follows: Section 2 introduces how
to compute eigenfrequencies with turbulent pressure. Section 3
discusses the dominant causes of the frequency shift due to the
perturbation of the turbulent pressure. Section 4 gives the con-
clusion.
2. Modelling eigenfrequencies with turbulent
pressure
2.1. Equilibrium model
We use the solar “patched” model (PM) described in
Samadi et al. (2007) and Sonoi et al. (2015). The inner part
of this model was constructed using the 1D stellar evolution
code CESTAM (Marques et al. 2013) while the near-surface
layers have been obtained using temporal and horizontal aver-
ages of the 3D hydrodynamical simulation by the CO5BOLD
(Freytag et al. 2012) code with the CIFIST grid (Ludwig et al.
2009). The turbulent pressure is thus included only in the 3D
upper layers. The matching between the inner and outer layers
have been computed through an optimization of the 1D model
with a Lenvenberg-Marquardt algorithm. The constraints for the
optimization are the effective temperature (Teff) of the 3D model,
the gravity acceleration at the photosphere (g), and the temper-
ature at the bottom of the 3D model (Tb). As for the last one,
the temperature at the level having the same total pressure with
the bottom of the 3D model (pb) is matched with Tb. The free
parameters are the stellar age, total mass (M), and mixing length
parameter (α). The resulting values are provided in Table 1. Our
matching point is deep enough since, at the bottom of our 3D
model, the fraction of the turbulent pressure to the total pressure
is small enough (≃ 0.014) that it does not affect frequencies of
acoustic modes, of which amplitude is concentrated in the upper
layers.
PM is constructed by replacing the outer part of the opti-
mized 1D model, which we call “unpatched” model (UPM),
with the averaged 3D model. The additional support by turbulent
pressure modifies the hydrostatic equilibrium so that, at the pho-
tosphere, the radius of PM is larger than UPM by about 0.02%
(see also Table 2 and Fig. 2 in Sonoi et al. 2015).
2.2. Computation of adiabatic oscillations: the gas-gamma
and reduced gamma approximations
Following the work of Rosenthal et al. (1995, 1999), two ap-
proximations can be adopted to account for the turbulent pres-
sure in the equilibrium model, namely the gas-gamma model
(hereafter GGM) and the reduced gamma model (hereafter
RGM).
The GGM assumes that the relative Lagrangian perturbation
of turbulent pressure equals the relative Lagrangian perturbation
of thermal pressure, which is the sum of gas and radiation pres-
sures, and hence is equal to that of the total pressure,
δpturb
pturb
≃
δptot
ptot
≃
δpth
pth
= Γ1
δρ
ρ
, (1)
where δ denotes the Lagrangian perturbation, pturb is the turbu-
lent pressure, pth is the thermal pressure, and ptot(= pth + pturb)
is the total pressure.
The RGM approximation introduces the reduced Γ1, defined
as Γr1 ≡ (pth/ptot)Γ1. In this approximation, the Lagrangian per-
turbation of turbulent pressure is neglected:
δpturb
pturb
= 0. (2)
We have thus
δptot
ptot
=
pth
ptot
δpth
pth
= Γr1
δρ
ρ
. (3)
Figure 1 shows the adiabatic exponent in UPM and PM. We
note that there is no difference between GGM and RGM for
UPM, which does not include any turbulent pressure. In the 3D
layer of PM, Γr1 has lower values than Γ1 as a consequence of the
presence of turbulent pressure.
Figure 2 shows the difference between the observed frequen-
cies as given by Broomhall et al. (2009) and the computed fre-
quencies obtained using the PM and UPM described in Sect.
2.1. The larger radius of PM makes frequencies lower than for
UPM. Then, the value of (νobs − νmodel) is higher for PM. On the
other hand, the GGM treatment, namely including the perturba-
tion of the turbulent pressure, oppositely increases the frequen-
cies, and reduces the deviation of the RGM frequencies from the
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Fig. 1. Adiabatic exponent as a function of total pressure in UPM
(dashed magenta line) and PM (solid green and blue lines). For PM,
ones for the GGM (Γ1, green) and for the RGM (Γr1, blue) are shown
as functions of the total pressure. The vertical solid line indicates the
matching point between 1D and 3D models. The vertical dashed lines
indicate the bottom and top of the convection zone determined by the
Schwarzschild criterion, labelled as BCZ and TCZ, respectively.
observed frequencies. As a result, the GGM frequencies are in
better agreement with the observation than the RGM ones. This
result confirms the result of Rosenthal et al. (1999).
The deviation of the GGM frequencies from the observation
is at most ∼ 6µHz in our analysis. This is of the same order but
a little larger than those of the other analyses using the other
3D hydrodynamical models (∼ 4µHz in Rosenthal et al. 1999
and Magic & Weiss 2016, and ∼ 3µHz in Ball et al. 2016). The
deviation of the RGM frequencies is at most ∼ 10µHz, similarly
to Houdek et al. (2017).
Finally, we note that the GGM and RGM approximations are
easily implemented in an adiabatic oscillation code. However,
the underlying assumptions are rather crude and deserve more
attention. Particularly, the perturbation of the turbulent pressure
should be out of phase with that of the gas pressure and density
(Houdek 2000; Houdek et al. 2017). Then, computations only
with the real part of the eigenfrequency such as those performed
by the ADIPLS code are not valid. Therefore, one has to provide
a modelling of the perturbation of the turbulent pressure and this
is permitted by using a time-dependent modelling of convection
(TDC) as provided in the following section. Indeed, the phase
lag between the turbulent pressure and the other variables takes
place in computation with TDC.
2.3. Computation of adiabatic oscillations: the TDC
treatment for nonlocal convection
In the following, we adopt the TDC formalism developed by
Grigahcène et al. (2005) and Dupret et al. (2006b) to compute
frequencies of PM. While it is usually used to compute non-
adiabatic oscillations, we consider the limit of adiabatic oscil-
lations by setting δs = 0, where s is the specific entropy. Such an
approach allows us to properly consider both the effects of turbu-
lent pressure on the equilibrium structure and of its perturbation
in the adiabatic limit. Moreover, this clarifies the individual con-
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Fig. 2. Difference between the model and observed frequencies
(Broomhall et al. 2009) for the radial modes. The error bars stem from
the observation. The magenta dashed line is for UPM, and the blue and
green solid lines are for PM with the RGM and GGM, respectively. The
model frequencies are computed by ADIPLS.
tribution of turbulent pressure to the surface effects separately
from the nonadiabatic effects.
As mentioned at the end of Sect. 2.2, the phase lag oc-
curs between the perturbation of the turbulent pressure and the
other variables when we adopt a TDC formalism. The phase lag
leads to excitation or damping of oscillation amplitude. Namely,
the eigenfrequencies of the oscillation become complex. In this
work, however, we only pay attention to the real part of the
eigenfrequencies, since we need nonadiabatic treatment to ex-
actly investigate the damping rates. We are aware that the nona-
diabatic effects would be important not only for the damping
rates, but also for the oscillation frequencies. This is however
out of the scope of the present article and will be considered in a
following work.
Therefore, we start by considering the expression of the per-
turbation of the turbulent pressure,
δpturb,l
pturb,l
=
δρ
ρ
+ 2
VrδVr
V2r
, (4)
where pturb,l is the turbulent pressure as obtained in the frame-
work of a local theory of convection and Vr is the radial compo-
nent of the convective velocity. The overbar indicates averaging
in the coarse grain, which is much larger than most convective
eddies but much smaller than the scale of the oscillation wave-
length. To go further, we consider the perturbation of the radial
convective velocity (Eq. A.17 or Eq. 21 in Dupret et al. 2006b)
in the adiabatic limit, but for the sake of simplicity, we limit our-
selves to the case of radial oscillations (ℓ = 0). This gives
VrδVr
V2r
=
1
B + [(iΩ + β)στc + 1]D ·
{
−
δcp
cp
−
δQ
Q −
δρ
ρ
+
dδptot
dptot
− (C + 1)dξdr −
A
A + 1
iστc
ΩΛ
(
dξ
dr +
1
A
ξ
r
)
−ωRτcD
δωR
ωR
+ (D + 1)δll
}
, (5)
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Fig. 3. Anisotropy parameter A as a function of temperature in log-scale
in the range from the bottom of the convection zone to the top of the
atmosphere for PM. The vertical line indicates the upper boundary of
the convection zone determined by the Schwarzschild criterion.
with
B =
iστc + ΩΛ
ΩΛ
, (6)
C = ωRτc + 1(iΩ + β)στc + ωRτc + 1 , (7)
D =
1
(iΩ + β)στc + ωRτc + 1 , (8)
where σ (≡ 2πν) is the oscillation frequency in unit of rad s−1,
τc is the convective timescale, cp is the specific heat capac-
ity at constant pressure, ρ is the density, ξ is the displacement,
ωR is the inverse of the radiative cooling timescale of convec-
tion eddies, l is the mixing length defined by Eq. (A.7), and
Q[≡ −(∂ lnρ/∂ ln T )pth ] is the volume expanding rate.
The free parameters β and Ω are related to the closure of the
TDC theory. The parameter β is a complex value and is intro-
duced in Eq. (A.12). The parameter Ω is an adjusting function
introduced in the closure terms of the momentum and energy
equations for the convective fluctuations (Eqs. A.13 and A.14).
For stationary convection, it has the same meaning as in the for-
malism of Canuto & Mazzitelli (1991). This quantity is deter-
mined by matching with the results given by the 3D simulation
using Eqs. (A.11b), (A.15) and (A.16).
The parameter A stands for the anisotropy of the turbulence
and is defined as
A =
ρV2r
ρ(V2
θ
+ V2φ)
, (9)
where Vθ and Vφ are the horizontal components of the convective
velocity. In this work, this parameter is obtained directly from
the 3D simulation. For the layers extracted from the 1D model,
we fix the value as given at the bottom of the 3D simulation. This
quantity is displayed in Fig. 3.
For taking the non-locality into account, we adopt the ap-
proach of Spiegel (1963). It consists in using an analogy with ra-
diative transfer. The local values, as given by the mixing length
theory (MLT), are considered as source terms and then the non-
3.63.73.83.94.04.1
log T [K]
0.0
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0.4
0.6
0.8
1.0
Fc,l/F
Fc,nl/F
Fig. 4. Temporally and horizontally averaged 3D convective flux, Fc,nl ,
and its local counter part obtained by Eq. (13), Fc,l for PM. The values
are normalized by the total flux, F.
local values are obtained by performing an average, that is,
pturb,nl(ζ0) =
∫ +∞
−∞
pturb,le−b|ζ−ζ0 |dζ, (10)
Fc,nl(ζ0) =
∫ +∞
−∞
Fc,le−a|ζ−ζ0 |dζ, (11)
where dζ = dr/Hp, and a and b are free parameters as introduced
by Balmforth (1992). The temporally and horizontally averaged
values of turbulent pressure and convective flux in the 3D model
are substituted into pturb,nl and Fc,nl, respectively. The quantities
pturb,l, Fc,l stand for their local counterparts. These equations can
be recast by taking the second order derivative
d2 pturb,nl/dζ2 = b2(pturb,nl − pturb,l), (12)
d2Fc,nl/dζ2 = a2(Fc,nl − Fc,l). (13)
Equations (12) and (13) are then used to infer the values of a
and b as well as the local values of the turbulent pressure and
convective flux from the 3D numerical simulation. In the over-
shooting region, the two local quantities, pturb,l and Fc,l, vanish,
so that a and b are obtained by fitting an exponential function
to the turbulent pressure and convective flux as given by the 3D
simulation. From our model, we get a = 6.975 and b = 1.697.
Subsequently, the local counterparts (pturb,l and Fc,l) are easily
obtained by solving Eqs. (12) and (13) in the convective region
(Fig. 4 and top panel of Fig. 6). With the equations for station-
ary convection (Eqs. A.8, A.11b and A.16), we can evaluate Ω,
α and Γ as functions of the depth, where Γ [= (ωRτc)−1] is the
convective efficiency.
The perturbations of the nonlocal turbulent pressure and con-
vective flux (δpturb,nl and δFc,nl) are obtained by solving the
eigenvalue problem of the perturbed hydrodynamical equations
of mean flow combined with the perturbed equations of (12)
and (13). On the other hand, their local counterparts (δpturb,l and
δFc,l) can be evaluated with the linear combination of the eigen-
functions, which is given by Eqs. (4) and (5) for δpturb,l, and Eq.
(A.18) for δFc,l.
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2.4. Comparison of frequencies among GGM, RGM, and
TDC
For the computation with the TDC formalism, we need to give
the value of the free parameter β. The calibrated β values have
been of the order of unity in the previous studies (Dupret et al.
2005, 2006a, 2008; Belkacem et al. 2011; Grosjean et al. 2014).
In this work, the real part were ranged from 0.2 to 2.0, while the
imaginary part from −2.0 to 2.0 at 0.2 intervals. The top panel
of Fig. 5 shows the results with the different values of β (the
black lines, at 0.4 intervals in both the real and imaginary parts
for visibility). Evaluating χ2 = ∑n(νnmodel − νnobs)2 for each β, we
found that the value of β = 0.2−1.2i gives the smallest deviation
from the observed frequencies (the red line).
The bottom panel compares the case of β = 0.2 − 1.2i with
the GGM and RGM. First, compared to the GGM, the TDC
treatment improves the agreement with the observations, par-
ticularly for the intermediate radial order modes. The deviation
from the observed frequencies is at most ∼ 4µHz. Although our
analysis is adiabatic, it provides results of the same order as the
nonadiabatic analysis of Houdek et al. (2017), who used another
TDC formalism (Gough 1977b,a) and PM with a 3D model of
Trampedach et al. (2013) and reported ∼ 3µHz deviation from
the observed frequencies.
Secondly, the GGM frequencies are closer to the TDC ones
than the RGM ones are. Although Rosenthal et al. (1995, 1999)
and our results in Sect. 2.2 (Fig. 2) show that the GGM repro-
duced the observations better than the RGM, this result implies
that the GGM is superior to the RGM also from the theoretical
point of view. Namely, it would be worth taking the perturbation
of the turbulent pressure into account even for the adiabatic com-
putations from both observational and theoretical viewpoints.
We note some difference between the TDC and GGM for
n & 10, while their frequencies are almost identical for the lower
radial orders. This difference implies that the turbulent pressure
perturbation is not as simple as provided by Eq. (1), and that the
GGM cannot reproduce the influence of the turbulent pressure
with enough precision. We discuss such effects in the following
section.
3. Contribution to the frequency shift introduced by
turbulent pressure perturbation
In Sect. 2.2 and Fig. 2, we have shown the frequency shift due
to the elevation of the upper layer due to the turbulent pressure
in the equilibrium model, comparing the PM and UPM. Here,
we discuss the contribution to the frequency shift due to the per-
turbation of the turbulent pressure. First, we determine which
region in the star contributes to the frequency shift (Sect. 3.1).
As shown in Eqs. (4) and (5), the perturbation of the turbulent
pressure consists in different perturbative processes. Secondly,
we determine which perturbative process in convection is domi-
nant (Sect. 3.2).
3.1. Contributing region to the frequency shift
To see the contribution of the turbulent pressure perturbation,
we adopt the variational principle. Multiplying ξ∗r in both sides
of the equation of movement (B.3), using Eqs. (B.4) and (B.5),
integrating over the mass of the star and taking the real part, we
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Fig. 5. Same as Fig. 2, but for the model frequencies computed with
TDC for PM. Top: the black lines are for different values of the TDC
free parameter β. The real part of β are ranged from 0.4 to 2.0, while
the imaginary part from −2.0 to 2.0 at 0.4 intervals. The red line is for
β = 0.2 − 1.2i, which gives the smallest deviation from the observed
frequencies. Bottom: comparison of the case of β = 0.2 − 1.2i with
GGM and RGM for PM.
obtain
ν2 =
1
4π2
(∫ M
0
|ξ|2dm
)−1 ∫ M
0
(
Re
[
δρ∗
ρ
(δpth + δpturb)
ρ
]
−2g
r
|ξ|2 +
2A − 1
A
pturb,l
ρ
Re
[
ξ∗
r
dξ
dr
])
dm. (14)
Except for low-order modes, the terms in the second line of Eq.
(14) hardly contribute since |ξ/r| ≪ |dξ/dr| and pturb ≪ pth.
Here, we discuss the term with the turbulent pressure perturba-
tion, δpturb. We introduce
Nturb(m) = 18π2ν
(∫ M
0
|ξ|2dm′
)−1 ∫ m
0
Re
[
δρ∗
ρ
δpturb
ρ
]
dm′, (15)
so that the integral to the surface, Nturb(m = M), represents the
frequency shift to which the turbulent pressure perturbation con-
tributes. To be exact, this term includes some part of the effect of
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Fig. 6. Top: Ratios of the local (red) and nonlocal turbulent pressures
(green) to the total one. Bottom: cumulative contribution of the turbu-
lent pressure perturbation to the eigenfrequency, Nturb (Eq. 15), for four
radial modes with β = 0.2− 1.2i. The horizontal axis is the logarithm of
temperature. The vertical dashed line indicates the upper boundary of
the convection zone determined by the Schwarzschild criterion.
the upper layer elevation, which appears in the equilibrium vari-
ables, ρ and dm. Nevertheless, it is useful to see the contribution
of the turbulent pressure perturbation. Indeed, since pth ≫ pturb
and hence |δpth| ≫ |δpturb|, most part of the elevation effect is
included in the term with δpth.
The bottom panel of Fig. 6 shows the profiles of Nturb for four
radial modes. Here, the perturbation of the nonlocal turbulent
pressure given by the MAD code is substituted into Eq. (15). The
integral Nturb increases mainly at log T ≃ 4.0–4.4, just below
the peak of the pturb/ptot ratio, shown in the top panel. By the
way, it slightly increases even in the overshooting region above
the boundary determined by the Schwarzschild criterion, since
the nonlocal turbulent pressure contributes there. As the radial
order n increases, Nturb increases more substantially. The inertia
gives the major contribution to this tendency. With the increasing
radial order, the amplitude becomes confined in the near-surface
region. Because of the low density of this region, the frequency
becomes easier to shift. We discuss the dominant causes of the
frequency shift in the following section.
3.2. Dominant perturbative process
In the previous section, we have confirmed that the zone just
below the peak of the pturb/ptot ratio dominantly contributes to
the frequency shift. Here we identify the respective contribution
of the different processes to the total perturbation of turbulent
pressure. For this purpose, we recast the expression of the per-
turbation of the local turbulent pressure (Eqs. 4 and 5). More
precisely, we express it as the linear combination of the thermal
pressure perturbation δpth and the displacement ξ. The detailed
procedure is described in Appendix B. Then, the perturbation of
the local turbulent pressure (Eq. 4) is expressed as
δpturb,l
ptot
= Π
δpth
ptot
+ Ξ
ξ
R
(16)
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Fig. 7. a) absolute values of eigenfunctions for the n = 28 mode ob-
tained with the MAD code with β = 0.2 − 1.2i; first and second terms
in the right hand side of Eq. (16) (blue and green respectively), pertur-
bation of the local turbulent pressure given by Eq. (16) (red), and of
the nonlocal turbulent pressure (cyan) b) real part of the coefficient for
the perturbation of the thermal pressure in Eq. (16), Re(Π), the ratio of
the local turbulent pressure to the thermal one, pturb,l/pth. c) cumulative
contribution to the frequency shift of each decomposed component of Π
(Eq. 17) defined by Eqs. (25) and (26). d) real parts of the decomposed
components of Π (Eq. 17). The vertical dashed line indicates the up-
per boundary of the convection zone determined by the Schwarzschild
criterion.
with
Π = G
[
1
Γ1
+ F (Π1 + Π2 + Π3 + Π4)
]
, (17)
Ξ = FH[Ξ1 + Ξ2 + Ξ3 + Ξ4], (18)
F =
2
B + [(iΩ + β)στc + 1]D , (19)
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G =
pturb,l
pth
[
1 − F
1 + (στc)2
pturb,l
ptot
(2ωRτcD + 1)(D + 1)
]−1
, (20)
and
H =
r
R
pturb,l
ptot
×
[
1 − F
1 + (στc)2
pturb,l
ptot
(2ωRτcD + 1)(D + 1)
]−1
, (21)
where the definitions of Π1,2,3,4 and Ξ1,2,3,4 are given by Eqs.
(B.10) to (B.17). The coefficients Π1 and Ξ1 correspond to the
advection term in the equation of movement, Π2 and Ξ2 to the
perturbation of the mixing length, Π3 and Ξ3 to the perturbation
of the radiative cooling timescale of convection eddies, and Π4
and Ξ4 to the remaining parts.
Panel a) of Fig. 7 shows the absolute values of the eigenfunc-
tions obtained with the MAD code. The perturbation of the local
turbulent pressure reduces to zero toward the boundary deter-
mined by the Schwarzschild criterion (red line). However, the
perturbation of the nonlocal turbulent pressure has amplitude
even in the overshooting zone due to the nonlocal effects ex-
pressed as Eq. (12) (cyan line).
As shown in panel a), the second term of Eq. (16) is neg-
ligible (green line). Then, Eq. (16) simplifies to δpturb,l/ptot ≃
Πδpth/ptot. Using the adiabatic relation δρ/ρ = δpth/pth/Γ1, Eq.
(15) becomes
Nturb(m) ≃ 18π2ν
(∫ M
0
|ξ|2dm′
)−1
×
∫ m
0
pth
Γ1ρ
∣∣∣∣∣δpthpth
∣∣∣∣∣2 Re(Π) dm′. (22)
Although Π is a complex number, we should pay attention to
only its real part to discuss the frequency shift. Panel b) shows
that the real part of Π has a peak (log T ≃ 3.96) located deeper
than pturb,l/pth, which corresponds to the GGM approximation.
However, their values are of the same order. It implies that the
GGM treatment gives a good prediction to some extent.
Indeed, we can analytically understand that the GGM is valid
in the bottom part of the convection zone. Since στc ≫ 1 ≫
ωRτc in such a part, we have
F →
ΩΛ
iστc
, G →
pturb,l
pth
, (23)
and G/Γ1, which corresponds to the density perturbation in Eq.
(4), and GFΠ1 are much larger than the other terms in Eq. (17).
Therefore, we can derive
δpturb,l
ptot
→
pturb,l
pth
1
Γ1
(
1 + 2A
A + 1
)
δpth
ptot
∼
pturb,l
pth
δpth
ptot
, (24)
which implies that the situation is close to the GGM (Eq. 1) in
the bottom part of the convection zone.
To see the contribution of each component of Π to the fre-
quency shift, we introduce the variational principle like Eq. (15):
N0(m) = 18π2ν
(∫ M
0
|ξ|2dm′
)−1 ∫ m
0
pth
Γ1ρ
∣∣∣∣∣δpthpth
∣∣∣∣∣2 Re
(
G
Γ1
)
dm′ (25)
and
Ni(m) = 18π2ν
(∫ M
0
|ξ|2dm′
)−1
×
∫ m
0
pth
Γ1ρ
∣∣∣∣∣δpthpth
∣∣∣∣∣2 Re (GFΠi) dm′ (26)
for i = 1, 2, 3, 4. Panel c) shows that the terms with G/Γ1 and
Π1 dominantly contribute to the frequency shift. Although Fig.
7 shows the case of n = 28, the contributions of Π2, Π3 , and Π4
are even more negligible for the other lower-order modes since
the mode amplitude is distributed in the inner region. Panel d)
shows that all the terms except Π2, related to the perturbation
of the mixing length, certainly contribute to the perturbation of
the turbulent pressure in the top part of the convection zone. Par-
ticularly, the low convective efficiency, namely the low value of
Γ [= (ωRτc)−1], makes Π3 contributive near to the upper bound-
ary of the convection zone. However, the physical processes in
the top part of the convection zone hardly contribute to the fre-
quency shift. Then, Eq. (15) would be written as
∆νturb ≃
1
8π2ν
(∫ M
0
|ξ|2dm
)−1
×
∫ M
0
pth
Γ1ρ
∣∣∣∣∣δpthpth
∣∣∣∣∣2 Re
[
G
(
1
Γ1
+ FΠ1
)]
dm. (27)
We note that we restricted our analysis to radial oscillations in
this work. For nonradial oscillations, we should adopt Eq. (A.17)
instead of Eq. (5). Besides, Eqs. (B.4) and (B.5) are no longer
valid in the derivation. For high ℓ modes, the quantity ℓ(ℓ + 1)ξh
may become important.
4. Conclusion
Previous studies (Rosenthal et al. 1995, 1999) have found that
the frequencies obtained with the gas-gamma model (GGM) ap-
proximation better agree with the observations than those ob-
tained with the reduced gamma model (RGM) approximation.
This treatment is easy to adopt for computing the adiabatic os-
cillations of models including the turbulent pressure. However
this crude approximation has no clear physical background. In
this study, we computed the frequencies with a TDC formalism
imposing the adiabatic condition. We found that the GGM pro-
vides closer frequencies to the TDC ones compared to the RGM.
It implies that the GGM is superior to the RGM from not only
observational but also theoretical viewpoints. Besides, the TDC
computations reproduced the frequencies closer to the observa-
tion than did the GGM, regardless of the values of the free pa-
rameter β. Although our work is limited to the Sun, it is worth ex-
trapolating our results obtained by the TDC to other stars. Using
the variational principle, we found that the perturbation of the
density and advection term mainly contribute to the frequency
shift due to the perturbation of the turbulent pressure. Equation
(27) can be then used to evaluate the frequency shift for adiabatic
radial oscillations.
As discussed in previous studies (e.g. Brown 1984;
Rosenthal et al. 1999; Sonoi et al. 2015), the turbulent pressure
in the equilibrium model affects the frequencies because of the
elevation of the outer layers. However its perturbation is also im-
portant for the frequencies, as discussed in this paper. Although
this subject has been already shown by Houdek (2010) using the
equilibrium convection models and the TDC formalism based
on the theory of Gough (1977a,b), our study used the convection
profiles obtained with the 3D simulations. As a first step, we lim-
ited ourselves to adiabatic oscillations and the effect of turbulent
pressure. However, future works should consider nonadiabatic
effects as well as the effect of convective backwarming. As for
the latter, Trampedach et al. (2013, 2017) reported that the high
temperature sensitivity of the opacity in the top of the convec-
tion zone causes warming by upflows of convection surpassing
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cooling by the downflows coupled with the non-linear nature of
radiative transfer. The resultant net warming leads to the eleva-
tion of the outer layers as well as turbulent pressure. They also
reported that the contribution of the backwarming has a similar
magnitude as that of the turbulent pressure.
For the asteroseismology of solar-like stars, we need cor-
rect model frequencies. Since stellar ages are substantially af-
fected by the surface effect, many studies have adopted the
empirical relation based on the solar frequencies proposed by
Kjeldsen et al. (2008). However Sonoi et al. (2015) found that
this solar-calibrated relation has difficulty in correcting the fre-
quencies in different stellar models and at different evolution-
ary stages. Then, it may be preferable to find a method of the
correction based on a strong physical approach. Especially, the
convective effects both in the equilibrium state and perturbation
and also the nonadiabatic effect may be important for this prob-
lem. Therefore, we will extend the work of Sonoi et al. (2015)
including these effects.
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Appendix A: Time-dependent convection formalism
for nonlocal convection
Following Dupret et al. (2006b), we introduce the way to adopt
the results given by the 3D simulations of nonlocal convec-
tion to the time-dependent convection (TDC) formalism of
Grigahcène et al. (2005).
Appendix A.1: Hydrodynamical equations for local
convection
The TDC formalism of Grigahcène et al. (2005) originates from
the one proposed by Unno (1967). Later, Unno’s formalism was
developed for nonradial oscillations by Gabriel et al. (1975). The
classical mixing length theory (MLT) of Böhm-Vitense (1958)
is the description for convection in the hydrostatic equilibrium
state. On the other hand, the TDC formalism includes variation
of convection on the dynamical timescale. However, if we im-
pose the stationary condition on the formalism, we can obtain
consistent results with the MLT.
First, we derive the equation of convection in the equilibrium
state. We thus decompose the physical variables in the hydrody-
namical equations into the mean flow and convective fluctuations
as y = y + ∆y for the scalars and −→v = −→u + −→V for the velocity.
In Unno’s formalism, the convective fluctuation parts of the hy-
drodynamical equations of the continuity, movement, and energy
conservation are given by
∇ ·
−→V = 0, (A.1)
ρ
d−→V
dt =
∆ρ
ρ
∇ptot − ∇∆ptot − ρ
−→V · ∇−→u − Λ
ρ
−→V
τc
, (A.2)
∆(ρT )
ρT
ds
dt +
−→V · ∇s = −
ωRτc + 1
τc
∆s, (A.3)
where the notations follow the definitions introduced in Sect. 2.3
of this paper. To obtain the above equations, the following ap-
proximations have been made for the closure of Eqs. (A.2) and
(A.3):
Λ
ρ
−→V
τc
=
∆ρ
ρ
∇ · (∆βg + ∆βR + ∆βt)
−∇ · (∆βg + ∆βR + ∆βt), (A.4)
ρT
∆s
τc
= −ρT−→V · ∇s − ρǫ2 + ρǫ2
+(ρT∇s) · −→V − (ρT∇s) · −→V , (A.5)
∇ · ∆
−→
F R = −ωR∆sρT , (A.6)
l = αHp = α|dr/d ln ptot| = |
−→V |τc. (A.7)
We adopt the Boussinesq approximation, in which the pressure
fluctuations are neglected except in the equation of movement
(Eq. A.2) and the density fluctuations are neglected in the equa-
tion of continuity (Eq. A.1). Besides, the spatial variation in the
density is assumed to be much smaller than that in the convec-
tive velocity in Eq. (A.1). The closure approximations (A.4),
(A.5), and (A.6) follow the assumption that turbulent viscosity
and thermal conductivity due to smaller eddies are expressed
with the typical scale given by a representative convective ele-
ment including them. Equation (A.7) is the usual closure equa-
tion of the MLT. Assuming constant coefficients and Λ = 8/3,
the above equations give the stationary solution consistent with
the MLT:
Γ(Γ + 1) = A(∇ − ∇ad), (A.8)
9
4
Γ3 + Γ2 + Γ = A(∇rad − ∇ad), (A.9)
Fc =
α2cpρT
4
√
PT ptot
2Pρρ
[
Γ(∇ − ∇ad)
Γ + 1
]3/2
, (A.10)
pturb =
α2
8
PT ptot
2Pρ
Γ
Γ + 1
(∇ − ∇ad), (A.11)
where A = PT ptot/(2Pρρ)[κcpρ2gl2/(12acT 3ptot)]2 and Γ =
(ωRτc)−1. As mentioned above, the Boussinesq approximation
includes the neglect of the density fluctuations in Eq. (A.1).
However, this assumption is not valid in near-surface layers of
solar-like stars since convective velocity can be comparable with
sound speed of surrounding materials. Besides, the assumption
that the spatial variation in the density is much smaller than
that in the convective velocity is invalid in the deep part of a
convection zone, where the surrounding structure is no longer
homogeneous in the representative scale of convective eddies.
However, this is a standard hypothesis made in most TDC ap-
proaches. Without such assumption, it is difficult to build a TDC
formalism. Besides it is a consequence of the adoption of the
MLT.
Appendix A.2: Perturbative theory for local convection
To consider the behaviour of convection with the oscillations,
we perturb the above formalism, Eqs. (A.1)–(A.3), which allows
us to evaluate the perturbation of correlated quantities of the
convective fluctuations. However the closure described above is
crude, and many complex physical processes are neglected in-
cluding the whole cascade of energy. Then, uncertainty cannot
be avoided when perturbing the closure terms. Because of such
uncertainties, the unphysical, short wavelength oscillations ap-
pear in the eigenfunctions of the differential equations for the
oscillations. To deal with this problem, Grigahcène et al. (2005)
Article number, page 8 of 11
T. Sonoi et al.: On the computation of eigenfrequencies for equilibrium models including turbulent pressure
proposed to introduce a free complex parameter β in the pertur-
bation of the thermal closure equations:
δ
(
∆s
τc
)
=
∆s
τc
[
(1 + βστc)δ∆s
∆s
−
δτc
τc
]
. (A.12)
Introducing this parameter leads to phase lags between the oscil-
lations and the way the turbulence cascade adapts to them.
Then, we search for the solutions of the perturbed convec-
tive fluctuation equations of the form δ(∆X) = δ(∆X)−→k ei
−→k ·−→r eiσt,
assuming constant coefficients within the coarse grain, which is
much larger than most of convective eddies but much smaller
than the scale of the perturbation wavelength. Next, we inte-
grate these particular solutions over all values of kθ and kφ so
that k2θ + k2φ = Ak2r , keeping A constant and that every direction
of the horizontal component of −→k has the same probability. The
value of A is the free parameter, given by Eq. (9) based on the
3D simulation in this study. We have to introduce this distribu-
tion of −→k values to obtain an expression for the perturbation of
the Reynolds tensor which allows the proper separation of the
variables in terms of spherical harmonics in the equation of mo-
tion. Finally, the obtained values of the perturbation of the cor-
related values are implemented into the differential equations of
the oscillations.
Appendix A.3: Procedure for taking equilibrium values given
by 3D simulation into account
3D hydrodynamic simulations (e.g. Stein & Nordlund 1991,
1998; Rosenthal et al. 1999; Yang & Li 2007; Piau et al. 2014)
provide much more realistic profiles of the convection zones than
with the MLT. Here we discuss how to extend the above formal-
ism to the nonlocal case following Dupret et al. (2006b).
As discussed in Sect. A.1, most of the uncertainties are in-
cluded in the closure terms (Eqs. A.4–A.7). Then, we mod-
ify these terms introducing a free function varying with depth,
Ω, which has the same meaning as in the formalism of
Canuto & Mazzitelli (1991). It can be assumed to be a function
of the convective efficiency Γ following Canuto & Mazzitelli.
We also set the usual mixing length α as an additional free func-
tion varying with the depth or Γ. More precisely, we multiply the
left hand side of Eq. (A.4) by Ω(Γ) and the left hand side of Eqs.
(A.5) and (A.6) by 1/Ω(Γ). Then, Eqs. (A.2) and (A.3) become
ρ
d−→V
dt =
∆ρ
ρ
∇ptot − ∇∆ptot − ρ
−→V · ∇−→u −Ω(Γ)Λρ
−→V
τc
, (A.13)
∆(ρT )
ρT
ds
dt +
d∆s
dt +
−→V · ∇s = −
ωRτc + 1
Ω(Γ)τc ∆s. (A.14)
In the stationary case, these new equations have a form similar
to the old ones (Eqs. A.2 and A.3). Equation (A.8) remains un-
changed, giving the same meaning to Γ as in the previous case.
Equation (A.11) is still verified (with varying α), but Eqs. (A.9)
and (A.10) are slightly modified:
9
4
Ω(Γ)Γ3 + Γ2 + Γ = A(∇rad − ∇ad), (A.15)
Fc,l =
Ω(Γ)α2cpρT
4
√
PT ptot
2Pρρ
[
Γ(∇ − ∇ad)
Γ + 1
]3/2
, (A.16)
pturb,l =
α2
8
PT ptot
2Pρ
Γ
Γ + 1
(∇ − ∇ad). (A.11b)
By adjusting Ω and α, we can fit these equations to the results
given by 3D simulations in combination with Eqs. (12) and (13).
The quantities Fc,nl, pturb,nl, (∇ − ∇ad) and other thermodynamic
quantities are deduced from the 3D simulations, and we take ap-
propriate horizontal and time averages. Using Eqs. (12) and (13),
the local counterparts of turbulent pressure and convective flux,
pturb,l and Fc,l, are obtained based on pturb,nl and Fc,nl. Using these
local counterparts, we obtain appropriate values of Ω and α at
each location with Eqs. (A.16) and (A.11b), respectively.
To generalize the perturbative theory presented in Sect. A.2,
we replace the equations of movement and energy conservation
for the local case, (A.2) and (A.3), with the ones for the 3D case,
(A.13) and (A.14). We follow the same procedure as in Sect. A.2.
Assuming again constant coefficient and searching for solutions
in the form of plane waves, we obtain the new expressions for
the perturbed local convective quantities such as the convective
flux and turbulent pressure.
The main uncertainties in this approach appear in the way to
perturb Ω and α. The free parameter β introduced in Eq. (A.12)
is also somehow related to these uncertainties. At present, we
have no theoretical prescription how to perturb Ω and α, and
then we neglect their perturbations. However there is no reason
to expect them to be small, and we should not be too optimistic
when using this new perturbative treatment.
Here, we do not discuss the derivation which is very simi-
lar to those of Grigahcène et al. (2005). The final results of the
perturbation of the radial components of the local convective ve-
locities and convective flux are given as Eqs. (A.17) and (A.18).
They are not so different from the former expressions (Eqs. 12
and 18 in Grigahcène et al. 2005):
VrδVr
V2r
=
1
B + [(iΩ + β)στc + 1]D
·
{
−
δcp
cp
−
δQ
Q −
δρ
ρ
+
dδptot
dptot
−
dξr
dr
−iΩστcD
Q + 1
Q
δs
cp
+C
[
dδs
ds −
dξr
dr
]
−
A
A + 1
iστc
ΩΛ
[
dξr
dr +
1
A
ξr
r
−
ℓ(ℓ + 1)
2A
ξh
r
]
−ωRτcD
(
3δT
T
−
δcp
cp
−
δκ
κ
− 2
δρ
ρ
)
+[(iΩ + β)στc + 3ωRτc + 2]Dδll
}
, (A.17)
δFc,l
Fc,l
=
δρ
ρ
+
δT
T
− iΩστcD
Q + 1
Q
δs
cp
+C
[
dδs
ds −
dξr
dr
]
−ωRτcD
(
δT
T
−
δcp
cp
−
δκ
κ
− 2
δρ
ρ
)
+[(iΩ + β)στc + 2ωRτc + 1]DVδVr
V2r
+(2ωRτc + 1)Dδll . (A.18)
We note that Eq. (A.17) becomes Eq. (5) for adiabatic radial
oscillations.
On the other hand, the perturbation of the nonlocal turbulent
pressure and convective flux is obtained by solving the eigen-
value problem of the differential equations of oscillations com-
bining the perturbed equations of (12) and (13).
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Appendix B: Recasting the expression of turbulent
pressure perturbation
Here, we describe the procedure for recasting the expression of
turbulent pressure perturbation, which is required for the discus-
sion in Sect. 3.2. We begin with Eqs. (4) and (5) and aim to
express them as the linear combination of the thermal pressure
perturbation, δpth, and the displacement, ξ.
For the perturbation of the mixing length, we adopt the ex-
pression,
δl
l =
1
1 + (στc)2
δHp
Hp
, (B.1)
where the perturbation of the pressure scale height is described
by
δHp
Hp
=
δptot
ptot
−
dδptot
dptot
+
dξ
dr . (B.2)
To cancel the term dδptot/dptot, we adopt the perturbed equation
of movement (Eq. D.3 in Grigahcène et al. 2005), neglecting the
perturbation of the divergence of the Reynolds tensor:
dδptot
dptot
= −
σ2r
g
ξ
r
+
1
g
dδΦ
dr +
δρ
ρ
+
2A − 1
A
pturb,l
ρgr
dξ
dr , (B.3)
and the perturbed equation of continuity (Eq. D.1 in
Grigahcène et al. 2005),
δρ
ρ
+
1
r2
d
dr
(
r2ξ
)
= 0. (B.4)
For radial oscillation, the Poisson equation becomes
1
g
dδΦ
dr =
dξ
dr . (B.5)
With the adiabatic condition δρ/ρ = δpth/pth/Γ1, we can express
Eq. (5) as a linear combination of δpth, ξ and δpturb,l. We catego-
rize the terms in Eq. (5) into four parts as follows. The first part
is the term which stems from the advection term in the equation
of movement:
−
A
A + 1
iστc
ΩΛ
(
dξ
dr +
1
A
ξ
r
)
= Π1
δpth
pth
+ Ξ1
ξ
r
. (B.6)
The second part is the perturbation of the mixing length:
(D + 1)δll = τ2
δpturb,l
pturb,l
+ Π2
δpth
pth
+ Ξ2
ξ
r
. (B.7)
The third part is the perturbation of the inverse of the radiative
cooling timescale of convection eddies:
− ωRτcD
δωR
ωR
= τ3
δpturb,l
pturb,l
+ Π3
δpth
pth
+ Ξ3
ξ
r
. (B.8)
The last part corresponds to the remaining terms:
−
δcp
cp
−
δQ
Q −
δρ
ρ
+
dδptot
dptot
− (C + 1)dξdr = Π4
δpth
pth
+ Ξ4
ξ
r
.(B.9)
Finally, we obtain the expression of δpturb,l/ptot as Eq. (16). The
coefficient of δpth/ptot (Π) consists in Πi’s (i = 1, 2, 3, 4) as
shown in Eq. (17). The expression of Πi’s is
Π1 =
A
A + 1
iστc
ΩΛ
1
Γ1
, (B.10)
Π2 =
D + 1
1 + (στc)2
[
pth
ptot
+
2A − 1
A
pturb,l
ρgr
−
1
Γ1
]
, (B.11)
Π3 = −ωRτcD
(
3∇ad − cp,ad − κad −
2
Γ1
−
2
1 + (στc)2
[
pth
ptot
+
2A − 1
A
pturb,l
ρgr
−
1
Γ1
])
, (B.12)
Π4 = −cp,ad − Qad + C
Γ1
+
2A − 1
A
pturb,l
ρgr
. (B.13)
On the other hand, the coefficients of ξ/R, Ξ, are
Ξ1 =
A
A + 1
iστc
ΩΛ
2A − 1
A
, (B.14)
Ξ2 =
D + 1
1 + (στc)2
[
σ2r
g
+ 2 2A − 1
A
pturb,l
ρgr
]
, (B.15)
Ξ3 =
2ωRτcD
1 + (στc)2
[
σ2r
g
+ 2 2A − 1
A
pturb,l
ρgr
]
, (B.16)
Ξ4 = −
σ2r
g
− 2 2A − 1
A
pturb,l
ρgr
+ 2C. (B.17)
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